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ABSTRACT

In this paper we introduce the the class of Strictly
Piecewise (SP) stringsets which restricts the class
of Piecewise Testable (PT) stringsets in a way that
is analogous to the way the class of Strictly Lo-
cal (SL) stringsets restricts the class of Locally
Testable (LT) stringsets. We show SP to be a de-
cidable subclass of the class of Regular stringsets
by providing an algorithm that determines, given
a Regular stringset in the form of a DFA, whether
that DFA licenses an SP stringset and, if it does,
constructs an SP; grammar for the minimal & for
which that stringset is SPg. The time complexity of
the algorithm is exponential in the size of the DFA,
but we show this to be optimal for algorithms that
actually construct the grammar.

The SP class of stringsets is interesting on purely
formal grounds. But, it is also useful as a class
of patterns that is computationally and cognitively
very simple, but that still has the power to capture
many phonotactic patterns in natural languages.

1. INTRODUCTION

Phonology is the study of sound patterns that oc-
cur in natural languages. For example, in Sarcee
(a Native American language) the sound ’sh’ never
follows the sound ’s’ [1]. What this means is that
if there is an ’s’ in a word there will be no ’sh’
from that point to the end of the word. Pho-
nologists usually describe sound patterns as Reg-
ular stringsets (e.g., with DFAs or Regular Ex-
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pressions). But for many patterns the Regular
stringsets are stronger computationally (and thus
cognitively) than is necessary. The Sarcee pat-
tern can be specified as a Piecewise Testable (PT)
stringset [6l [5]. The class of Piecewise Testable
stringsets is the Boolean closure of the class of
stringsets of the form

DI SDINCDO IS Ile 7 Jul (1)

PT is, however, still stronger than is necessary to
describe the stringsets that have rules like Sarcee’s
exclusion of ’s..sh’ [2]. In fact, we only need to rule
out the subsequences that are not allowed.

Y*sd*shy*

(where the vinculum denotes complement with re-

spect to X*) is the set of strings that include no
’s..shill.

There is a well-known class of stringsets that is
similar to PT except that it works on consecutive
sequences (factors) rather than subsequences. The
Locally Testable (LT) stringsets [4] are the Boolean
closure of the class of stringsets of the form

T (2)

LT is analogous to PT. If LT is limited to only rul-
ing out forbidden factors the result is the (also well-
known) class of Strictly Local (SL) stringsets [4].
SL stringsets are finite intersections of stringsets
of the form

SFwS (3)

'Y is the set of phonemes (sounds) that occur in Sarcee and
’sh’ is a single phoneme.



where w is the forbidden factor. In this paper
we define an analogous class of stringsets: a sub-
class of PT that is restricted to forbidding subse-
quences. We call this class the Strictly Piecewise
(SP) stringsets. A stringset is SP iff (if and only if)
it is the finite intersection of the class of stringsets
of the form

Yo X oed* Yo (4)
where o109..04 is a forbidden subsequence.

The structure of the paper is as follows. Section [2]
begins with definitions of some basic notation and
introduces SP stringsets and the SPp grammars.
It then gives an abstract characterization of SP
stringsets along with some useful corollaries. It
finishes by establishing a proper hierarchy of SP;
classes of differing k. Section [3] then shows SP
to be a decidable subclass of the class of Regular
stringsets by giving an algorithm that determines if
a given Regular stringset is SP, and if it is, finding
the minimal k for which it is SP; and constructing
an SPj; grammar for the stringset.

2. STRICTLY PIECEWISE STRINGSETS
The fundamental relationship between strings that
defines Piecewise stringsets is the relationship of
one string being a subsequence of another. We de-
note this relationship with the symbol C:

f
wgv<d:e>w:01~-ak and v € Xo1 - Lo X"

Following Sakarovitch and Simon [5] we will refer
to the set of all strings that w is a subsequence of
as the Shuffle Ideal of w.

DEFINITION 1 (SHUFFLE IDEAL).

Sl(w) d:ef{v €X' |wC v}

So a stringset of Form[Iis SI(o7...01) and a stringset
of Form[d]is SI(oq...0%). A stringset will be SP iff it

is the intersection of a finite set of the complements
of these Shuflle Ideals.

The class of Piecewise Testable stringsets can be
subdivided into a proper hierarchy of subclasses
distinguished by the maximum length of the subse-
quences used in defining a stringset: PT}, stringsets
are those that can be specified using subsequences
of length k. SP is the union of the corresponding
hierarchy of SP; subclasses.

Let 0=k €0 6 € 5% | u) < k1.

DEFINITION 2. A stringset is SPy, iff it is the in-
tersection of the complements of a finite set of shuf-
fle ideals generated by strings of length k.

def _ TP <k oo

LeSP, <~ L= ﬂ [SI(w;)], T C X7, finite.

wi €T

A stringset is SP iff it is SPy for some k, i.e.,

sp ISPy,
k>0

EXAMPLE 1. Strings that do not violate Sarcee’s

's’...’sh’ rule are captured by SI(s sh).

We refer to the subsequences of a string which are
of of length k as the k-subsequences of that string
and those that are of length no greater than k as
the (< k)-subsequences. We denote these as P
and P<j, respectively:

DEFINITION 3 (k-SUBSEQUENCES).

Pr.(w) d:ef{v v CwA |v| =k}

Pe(w) ¥ (o v Cwn o] < k)

Let Py(L) and P<k(L), for L C ¥*, be the natural
extension of these to sets of strings. Note that if

L CS* then Pi(L) C X.

In linguistic applications such as statistical mod-
els and learning algorithms it is more convenient
to think in terms of what subsequences do occur
rather than what subsequences do not occur. We
can define SP stringsets in terms of what subse-
quences are permitted to occur with SPp gram-
mars. These grammars provide an initial set of
sequences with length less than or equal to k and
license the set of all the strings in which only those
sequences occur as subsequences. They are anal-
ogous to the grammars that license SL stringsets,
except that they specify subsequences rather than
factors.

DEFINITION 4. (SP, Grammar) A grammar is
a pair G = (X, T) where T C ©5F. The stringset



licensed by an SPj, grammar s

L(g) = {w ex” | ng(w) - ng(T)}.

ExAMPLE 2. For example, let

where
¥ = {a,b} and
T = {aaa,aab,abb,aba,baa,bab, bba,

ba,bb, ab, aa,a,b}

then L(G) is {w € {a,b}* | |w|y < 2} i.e., the set
of all strings over that alphabet that have at most
two ’b’s.

These grammars capture exactly the same stringsets
as Definition 2l To show this we show how to
convert a grammar into a set of forbidden sub-
sequences and how to convert a set of forbidden
subsequences into a grammar.

THEOREM 1. A stringset L is L(G) for an SPy
grammar G iff it is SPg.

PROOF. To show that every SP stringset is L(G)
for some SP; grammar G, let a stringset L be an
arbitrary SP stringset. Then L = (0, c7[SI(w;)]

for some finite T C Y=F  where T is the set of
forbidden subsequences. Equivalently,

Let T7, be the set of subsequences that are allowed
to occur in a string in L. That is to say 1 =
Y<K — Poy(T). Because X=F is finite, T, is finite.
Let Gy, d—ef <E, TL>.
We claim that L(Gr) =

pose that w € L(Gpr). h n P<ip(w) € P<y(T7).
Consequently P<j(w)NSI(v) = for all v € T and
thus w € (), cp[SI(v;)]. Hence, L(Gr) C L.

To see this, first sup-

For the other direction let w € L. Then there is no
v € T for which v C w. Thus, P<j(w) C SI(v) for
all v € T. Consequently, P<j(w)NP<x(T) = 0 and
Pop(w) € XSF—T = Ty. Thus P<y(w) C P<i(T1)
and w € L(Gr). Thus L(Gr) C L.

A similar construction based on Ty d:ef <
shows that every stringset L that is L(g) for some
SP; grammar G is, in fact SP;. O

SE— Pep(T)

To show that a stringset is SPy it is only neces-
sary to express it in terms of one of the previous
characterizations. To show that it is not SP}, we re-
quire a more abstract characterization of the SPy
stringsets. These can be characterized, purely in
terms of the strings in the set, by the following
closure condition.

THEOREM 2. A stringset L C ¥* is SP iff there
1s some k € N such that for all w € ¥*,

ng(w) - ng(L) = w € L. (5)
ProOOF. First assume that L C ¥* is SP. Be-

cause L is SP there must be some minimum k& for
which L is SPj, and a set T C ©=F for which

L ={we X" | Pe(w) C P<x(T)}
Since P<i(L) = U,er[P<k(w)] and, for all w

€
L, P<j(w) C P<i(T), it follows that P<y(L) C
P<i(T). Thus,

ng(w) - ng(L) = ng(w) - ng(T) =weL.

Now assume that there is some k£ € N such that
(Vw € ¥*)[P<p(w) € P<ip(L) = w € L]

Define a SP; grammar Gy, def

Then
w e L(QL) =4 ng(w) - ng(L) < w € L.

(Pi(L), P<y(L)).

O

This characterization implies four very interesting
properties of the SP stringsets.

COROLLARY 1. If L € SPy, then:

1. wov € L = wv € L (Subsequence Closure)

2. wv € L = w,v € L (Prefix and Suffix Clo-
sure)

3. Pi(L) C L (Unit Strings)
4. L#0 = €€ L (Empty String)
To see that SP stringsets are closed under subse-

quence (via the contrapositive) assume that wv ¢
L. It must be the case, then, that P<j(wv) ¢



SPy(M)
Given M = (Q, %, qo, 0, F)

Return an SPj grammar for L(M) for the least k such that L(M) € SPy,

or “Not SP” if there is no such k.

1 Letk=1
2 while k < card(Q)
do
3
4
5 if M is isomorphic to M,
6 then Return £ and Gy g
7 k—k+1
8 Return “Not SP”

Let Gy, be the SP, grammar for L(M) (construction of Theorem [5).
Let My, be the trimmed minimal DFA for L(Gy) (construction of Theorem [6)).

Figure 1: Algorithm

k(T), i.e., P<p(wv) — P<(T) # 0. Then, since
k(wv) C P<i(wov), it must also be the case that
k(wov) — P<i(T) # 0. Hence, wov ¢ L.

Ihcjlhcjl/.:Cj

The remaining corollaries follow from closure under
subsequence.

Now to show that a stringset is not SPy, it suffices
to give a counter-example to Property Bl That is
to say, a string w such that P<p(w) C P<t(L) but
w ¢ L. For example, the set of strings in which the
subsequence ’ssh’ must occur is not SPo because
P<5(s) € P<a(ssh) C P<a(L) but ’s’ is not a string
in the stringset. Hence, this stringset is not closed
under Property [0l for £ = 2 and cannot be SPs.

To show that a stringset is not SP, i.e., not SPy
for any k, one shows how to construct a string
wy, parameterized by k, such that, for each k,
P (wy) € P<k(L) but wy, is not a string in L.

With the abstract characterization defined in The-
orem (2] we can now show that there is a proper
hierarchy among the SP; stringsets, i.e., that for
any k there is a stringset that is not SPj; but is
SPkt1)-

THEOREM 3. [Proper Hierarchy/
(VE)[SP, € SPgi1]-

Proor. To show that SP<;, C SP<;1, note that
Poj(w) = P<p(P<py1(w)). It follows, then, that
Pepir(w) © Pegqa (L) = P<p(w) € Pi(L) and if
L is closed under the property of Theorem [2] for &
it must, a fortiori, be so closed for k + 1.

To show that the inclusion proper we show how
to construct a stringset that is not SP<j but is
SPS’H—l'

Let ¥ = {a,b} and define the stringset L<y, to be
the set of strings in in X* in which no more than &
‘b’s occur:

def "
Lepw & {wey | |wl, < k}

By Theorem [2] this stringset is not SPj because
Pepp(BF1) € Poj(Lagp) but 08 & Ly,

This stringset is, on the other hand, SP<j1; be-
cause it is SI(bF+1). O

3. SPAND THE REGULAR STRINGSETS
In introducing the class of SP stringsets we stated
that they are finite intersections of stringsets of
Form [4l This form is a regular expression, hence
stringsets with that form are Regular. It then fol-
lows immediately, by closure of Regular under fi-
nite intersection, that SP is a subclass of Regular.
We want to show that SP is a decidable subclass
of Regular, that is to say that there is an algo-
rithm which determines whether a given Regular
stringset is SP or not. Our algorithm is construc-
tive in that, if the stringset is SP, it returns the
minimal k for which it is SP; and the SP; gram-
mar for the stringset.

THEOREM 4. There is an algorithm which, given
any Regular stringset L, decides if L is SP and, if
it is, determines the least k for which L is SPy and
returns an SPy grammar for L.



Without loss of generality we can assume that the
Regular stringset is given as a trimmed, minimal
Deterministic Finite-State Automaton (DFA).

To fix notation, let M = (Q, 3, qo, d, F) be a DFA|
where @) is the set of states, X is the input alphabet,
qo is the start state, § : Q x 3 — Q is the transition
function and F' C @ is the set of accepting states.

Let & be the natural extension of § to Q x * — Q.
This is well defined because, in a DFA, there is
exactly one path from a state ¢ labeled w for each
w e X*.

A~

Note that L(M) = {w € ¥* | §(qo,w) € F'} [3].

A DFA is minimal iff its state set Q corresponds
to the set of Nerode-equivalence classes of L(M),
i.e.,

{(w,) | 8(qo, w) = d(q0,v)} =
{{w,v) | (Vu € ¥*)[wu € L(M) < vu € L(M)]}

A sink state is a state g5 such that for all w € ¥*,

0(gs, w) ¢ F. If M is minimal there can be at most
one sink state.

A DFA is trimmed if its sink states have been re-
moved. 0(qp,w) is then partial.

6(qo, w) is defined (8(go, w)]) if there is a path from
qo labeled w in the transition graph of the DFA.

A~ N

0(qo, w) is undefined (d(go,w)T) if there is no path
from gy labeled w in the transition graph. This will
be the case when a path labeled w would lead to a
(missing) sink state of a trimmed DFA.

Theorem [] relies on being able to convert DFAs to
SP; grammars and SP; grammars to DFAs. We
start by showing how to convert a DFA to an SPy
grammar with the following theorem.

THEOREM 5. There is an algorithm which, given

a DFA that recognizes an SPy stringset, constructs
an SPy grammar Gaq such that L(Gag) = L(M).

To build the grammar we need to find all of the
(< k)-subsequences of the strings of L(M) i.e.,
P_i(L). These will be the set T of the SPj, gram-
mar. Conveniently, because SP is closed under sub-
sequence, a DFA recognizing an SPj, stringset will
have a particularly simple form that makes it easy
to find the (< k)-subsequences.

LEMMA 1. If M is a trimmed, minimal DFA and
L(M) is SPy, then every state is an accepting state

L(M) € 8P, = L(M) = {w € =* | §(qo, w)|}

PROOF OF LEMMA [I]. Since SP; stringsets are
closed under subsequence by Theorem [2] if there is
some v for which S(S(qo, w),v) € F then 5(q0, w) €
F as well. If, on the other hand there is no v for
which 6(6(go, w),v) € F then 6(qo, w) would be a
sink state. But by our assumption that the DFA is
trimmed, this implies &(qo, w)T. Thus if §(go,w)]
there is some v for which S(S(qo,w),v) € F and,
hence, (g, w) € F as well. This establishes that
d(go, w)|= 0(qo,w) € F.

That 6(go, w)T= 6(go, w) ¢ F is a consequence of
the definition of L(M). Hence the lemma. O

A consequence of Lemmalllis that instead of having
to find all of the (< k)-subsequences of the strings
in L(M), we can find all of the (< k)-subsequences
of the strings labeling the paths in the DFA. More-
over if L(M) is SPy, for a given k, we can limit our
search to the paths of length k from the start state.

LEMMA 2. Let M ={(Q, X, qo, 0, F') be a trimmed,
minimal DFA for which L(M) € SPy. Then

P (L(M)) = L(M) N X<,

PrOOF OF LEMMA 2 L(M) is closed under sub-

sequence by Corollary [I] to Theorem 2l Conse-
quently, P<y(L(M)) € L(M). By definition of
P, P<x(L(M)) C ©=F. Hence,

Py (L(M)) C L(M) N =k,

Conversely, L(M) N Bk C Py (L(M)) also by
definition of P<j(L(M)).

Therefore P<j(L(M)) = L(M)NEsk O

PROOF OF THEOREM [5l By Lemma [2]
P (L(M)) = L(M) N X=F,
By Lemma [1]
LM)NE=F = {w € 25F [ §(g0, w) |}

So one simply does a search of the transition graph
of the DFA with the depth limited to k, record-
ing the strings labeling the paths traversed. Those



strings form the set 1" of an SP; grammar Gy =
(3,T). If L(M) € SPy then L(Grq) = L(M).
In the worst case there is one path for each w €
¥, Therefore, this algorithm terminates in time
O(card(2)¥). O

Now that we have the method for constructing SPy,
grammars from DFAs we need to construct DFAs
from SP; grammars. We do this by finding the for-
bidden (< k)-sequences, the (< k)-sequences not in
P (T), and building a DFA for the intersection of
the complements of their Shuffle Ideals.

THEOREM 6. There is an algorithm that, given
any SP stringset L, constructs a DFA that recog-
nizes L.

Since Regular stringsets are effectively closed un-
der finite intersection, by the definition of SPy it
suffices show how to construct a trimmed, minimal
DFA recognizing the set of strings in which a for-
bidden sequence w does not occur, in other words
SI(w).

LEMMA 3. Suppose w € ¥¥, w = oy...04. Let

Mty = (@2, 90,6, F), Where @ ={i |1<i<

k}, qo=1, F =Q and for alli € Q, 0 € X:

i+1 ifo=o0;andi<k
0(i,o) =<1 ifo=0;andi =k
i otherwise
Then M<7— is a minimal, trimmed DFA that rec-

SI(w)
ognizes the complement of SI(w), i.e., SI(w) =
L(MT(U))).

PROOF OF LEMMA [Bl By construction M is both
trimmed and minimal and L(M) = {w € ¥* |
0(qo,w) l}. But d(qgo,v) T if and only if w C wv.

Hence L(Mgyry) = SI(w). O

Finally, the constructions of Theorem [5l and Theo-
rem [6] provide the foundation of the algorithm for
deciding the question of whether a given Regular
stringset is SP. We can assume without loss of gen-
erality that the Regular stringset is in the form of
a trimmed, minimal DFA, M. We take M, and for
successively larger k, use the process of Theorem
to construct Gagr = (X, Tamk). L(Gmk) = L(M)
iff L(M) is SPy.

From Theorem [1] we determine the forbidden se-
quences, L5k —Tam k- Then use the process of The-
orem [6] to build a DFA, My, such that L(My) =
L(Gm). Then L(My) = L(M) iff L(M) is SPy,.

Since both My, and M are trimmed, minimal DFAs,
L(My) = L(M) iff My, is isomorphic to M. If

they are we return k£ and Gaq . Otherwise we in-

crease k and repeat. If k eventually exceeds card(Q)
we declare that L(M) is not SP for any k.

PROOF (PARTIAL CORRECTNESS). If the algorithm
returns G then My, is isomorphic to M. This
is only true iff L(My) = L(M), which is true
iff L(M) is SPj. Therefore the algorithm returns
ngk iffL(M) is SPk and since L(QMJC) = L(Mk) =
L(M), Ga g is an SPy, grammar for the stringset.

Since the algorithm did not return Gaqx—1, There
is no SPj_; grammar for L(M) and, hence, k is the
minimal value for which the stringset is SP;. This
gives Partial Correctness of the Algorithm. O

Termination depends on the the ability to limit &
based only on the structure of the DFA. By the
following lemma, k can be limited to card(Q).

LEMMA 4. Suppose L € SPy, — SP;._1. Then ev-
ery DFA that recognizes L has at least k states.

Proor LEMMA [l Let L € SP;, — SPj_1. Since
L € SPy, but is not in SP;_; by Theorem [3] there
must be some string w € ¥* for which SI(w)NL = ()
but, for all strict subsequences v of w, SI(v)NL # (.
Take v1, vo to be distinct proper prefixes of w such
that |v1] < |v2|. Then there is some u such that
vou = w while viu is a proper subsequence of w.
Thus vou ¢ L but viu € L.

Therefore none of the proper prefixes of w are Nerode
equivalent (with respect to L) to each other or to w
and any DFA that recognizes L will need to distin-
guish at least k+1 classes of strings. Consequently
every trimmed DFA that recognizes L will need at
least k states. [

THEOREM 7. Suppose L € SP. Let card(Q) be
the size of the state set of a trimmed minimal DFA
recognizing L. Then the worst case size of the gram-

mar for L is ©(card(x)ceTdQ)

PROOF. Since T' C ¥*, no SP;, grammar is larger
than card(X)*. By Lemma @ no DFA for an SPy



(but not SPy_1) stringset has fewer than k states.
Hence no grammar for an SP stringset can be larger

than @(card(E)card(Q)), where @ is the state set
of a trimmed minimal DFA recognizing the lan-
guage.

To see that grammars of this size do exist, note
that SI(w) = L(G) for G = (¥,Ty,) where T, =
»¥ — {w}. Then card(T,) = card(X¥) — 1. By
the construction of Lemma [3] the size of the state
set of a minimal DFA for ST(w) is card(Q) = k.

Therefore card(T,,) = @(card(Z)card(Q)). O

Consequently, although the algorithm is exponen-
tial in the size of the DFA, it is optimal among
algorithms that actually construct SP; grammars

for L(M).

4. CONCLUSION

We have introduced the the class of Strictly Piece-
wise (SP) stringsets which restricts the class of
Piecewise Testable (PT) stringsets in a way that
is analogous to the way the class of Strictly Local
(SL) stringsets restrict the class of Locally Testable
(LT) stringsets. We have shown SP to be a sub-
class of the class of Regular stringsets by provid-
ing an algorithm that determines, given a Regular
stringset in the form of a DFA, whether that DFA
licenses an SP stringset and, if it does, constructs
an SPj grammar for the minimal & for which that
stringset is SPg. The time complexity of the algo-
rithm is exponential in the size of the DFA, but we
have shown this to be optimal for algorithms that
actually construct the grammar.

The SP class of stringsets is interesting on purely
formal grounds. But, it is also useful as a class
of patterns that is computationally and cognitively
very simple, but that still has the power to capture
many phonotactic patterns in natural languages.
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