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Finite and Co-Finite stringsets

Definition 1 (Finite Stringsets (Fin)) For any alphabet X:

e () is a finite stringset over X,
e The singleton set {e} is a finite stringset over X,
e For each o € %, the singleton set {o} is a finite stringset over
2,
Slide 2 e If L1 and Lo are finite stringsets over ¥ then:
— L1 - Lo is a finite stringset over X,
— L1 U Ly is a finite stringset over X.
e Nothing else is a finite stringset over X.
Definition 2 (Co-Finite (CoFin))

d
Le CoFm<:ef>L:2*—F, F € Fin.
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Star-free stringsets

Definition 3 (Star-free Stringsets (SF)) For any alphabet X:
e Fin C SF,

Slide 3 o If Ly, Ly € SF then:
— Li-Ly € SF
— LiULy € SF
- ¥*—L,eSF

e Nothing else is a star-free stringset over 3.

Word models
<D> 47 <+a P(I>UEE

T

(+1) <D7<]7P0>U€2 (<) <D7<]+7PU>UGE
D — Finite
Slide 4 <t — Linear order on D
4 — Successor wrt <t
P, C D — Subset of D at which o occurs

(P, partition D)

cove = ( {0,1,2,3}, {(i,i+1)|0<i<3}, {0,1,3}c, {2}v )
{ D q P Py )
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Thomas’s Word models [Thomas’82]

<D7 <7 minu max, 57 P7 Qo’>o’€2

D — {0,1,...n}
< — Linear order on D
Slide 5 min € D — Minimum elelment ofD
max € D — Maximum elelment of D
S(t): D —- D — Successor wrt <, S(max) = max
P(r): D — D — Predecessor wrt <, P(min) = min
Qs €D — Subset of D at which ¢ occurs
(Q, partition D)
First-order formulae over word models
Definition 4 (L1(X))
Xo = {zo, 1, ...}, a countably infinite set of position variables.
1. (Atomic formulae)
(a) x<ye L.
(b) v <t ye L
Slide 6 (c) If 2,y € Xo then ‘z ~y’ € LY(X).

2. (Truth functional connectives) If ¢, € L'(X) then:
(a) (p V) € LY(E) (disjunction),
(b) (—¢) € LY(X) (negation)

3. (First-Order quantifiers) If p € L'(X) and x € Xq then
(a) ‘3x)[¢]’ € LY(X) (existential quantification)
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Defined connectives

L (@A) = (=((=) V (=¢))) (conjunction),
2. (¢ = 9¥) = ((—¢) V1)) (implication),
Slide 7 3. (pev)= (A1) V() A(—))) (bi-conditional), .. ..

Defined quantifiers

1. (Va)[¢] = (—(3x)[~¢]) (universal quantification).

FO assignment

Definition 5 An assignment s for a model W is a partial
Sfunction from Xy to the domain of W. The empty assignment is

not defined for any variable. If s is an assignment, x € Xg and a in

Slide 8
1ae the domain of W, then

def ) a ify =,

s[z + a](y) s(y)  otherwise.
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FO satisfaction
Definition 6 An assignment s satisfies a formula ¢ in a model
W, denoted W, s = @, iff one of the following holds:

e o =1x4y, s(x) and s(y) are both defined and (s(z), s(y)) €.

o o =<y, s(z) and s(y) are both defined and
(s(2). s(y)) €™

Slide 9
e o= P,(x), s(z) is defined and s(z) € P/V.
e o= ‘T~y’, s(x) and s(y) are both defined and s(z) = s(y),
o v = (11 Vipa) and either W,s =11 or W, s = 1o,
e o= () and W,stE ¢, W, sz —a] =, or
o o = ‘(3x)[¢)]” and, for some a in the domain of W,
W, sl —a] =4
Dot Depth Hierarchy [Cohen & Brzozowski’71]
Quantifier Alternation Hierarchy [Thomas’82]
IJ'[‘O:S}-.‘:U[B,] — FO(<)
B~ 3(211(3,,1) Bz M (Bf((ﬂf)[ll,,l])
Slide 10 B "“meiBu)g[aJ — B M (B
GDEF = 5,-n,“corr

DEF RDEF

Fin U CoFin

Fin CoFin

def def def

B; = B(M(B;i—1)) Yo=1Iy = qf,I; = =%;, ¥; = (32)[I;_4]
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Beta Hierarchy [Brzozowski & Simon’73]
Quantifier-Rank Hierarchy [Thomas’82]

U[B((Fin U CoFin)')] = By = B(M(GDEF)) B(%)
ieN H H
Bas = Baar) = B((Fin U CoFin)?) B(51)
By =By = B((FinUCoFin)}) == LT ————=B())
Slide 11 | | |
By = B((FinU CoFin)?) GDEF B(%1))
DEF RDEF
/ == FinUCoFin (= B(FinU CoFin))
Fin CoFin
Bi def B((FinU CoFin)*) DI def FO(<), quantifier rank = r
Local Hierarchy [McNaughton & Papert’71]
Piecewise Hierarchy [Simon’75, Rogers, Heinz, et al.’09]
/R!(‘g [Biichi’60] 0
g McNaughton&Papert 71
FO
ppp [Thomas's2 \‘)
T
Slide 12 pir .




UDel 2013

Definition 7 (k-Factors, Fy) Let Fi(w) denote the set of length
k sequences of adjacent symbols that occur in w. If lw| < k then

Fi(w) is just the (single) sequence of symbols in w.

Fe () Y Byw) | we L),

Similarly
def
Fop(w) = [Fi(w)]
Slide 13 2<i<k

etc.

Fao(xababx) = {xa,ab,ba,bx}

Fs(xababx) = {xab,aba,badb,abx}

Fr(xababx) = {xababx}

F<s(xababx) = Fo(xababx)U {xab,aba,bab, abx}.

k-expressions

Definition 8 (k-expressions)
o Ifo=ve Fep({x} -Z* - {x}) then ¢ is a k-expression over .

Slide 14 o If = (—yp) and ¢ is a k-expression over ¥ then 9 is a

k-expression over Y.

o Ifp = (p1 Va) and p1 and o are k-expressions over ¥ then

1 is a k-expression over X.

e Nothing else is a k-expression over 3.
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Definition 9 (Propositional Satisfaction) For W a word

model and Y, a k-expression over X:
P is an atom v and v € F<p(XWK),

de
W)Zzl/i<:f> P is ~ and W s o,
Y is 1 V pa and either W Ex @1 or W Ex o or both.

Slide 15

Strictly Local stringsets

Conjunctions of negative atomic constraints

p=-fiN=fo N A=fu= N [f]

fer
Slide 16 Definition 10 (SL)
o L is SLy g L(Njeplf]) for some F C Fp({x} X" - {x})
o SL=UocienlSL]

For all 0 < i € N: SL; - SLi+1-
Fin U CoFin C SL, DEF URDEF C SL
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Abstract characterization of SL;

Lemma 1 (k-Suffix Substitution Closure (SSC)) If L € SL;
then for all strings ui, vy, ug, and vy in X* and all x € yh-1

Slide 17
up-x-v €L andugs-x-v9 € L=uy-x-vy € L.

There is no k for which Fin C SLj.
GDEF ¢ SL and SL ¢ GDEF

Closure properties of SL

e SL and SLj are closed under intersection but not union or

complement
e SL and SLj are not closed under concatenation
e SL, is closed under iteration (Kleene-x).
Slide 18 . .
e SLj~o and SL are not closed under iteration
e SL and SLj are not closed under alphabetic homomorphism.
{(ab)? | i € N} € SLq
{(aa)* | i € N} ¢ SL

Some-b ! {w € {ab}* | |ul, > 1} ¢ SL
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Locally Testable stringsets

Definition 11 (LT)
o A stringset is LTy, iff it is L(p) for some k-expression .
def
o [T = U0<ieN[LTi]
Forall 0 <¢ € N: LT; C LT;41.
Slide 19 SL, C LTy,  SLgy1 € LTk € SLiys

Abstract characterization of LT}

Lemma 2 (k-Test Invariance) A language L C X* is LTy for
some k > 0 if and only if, for all strings w,v € ¥*:

(Fr(xwx) = Fp(xox)) = (w e L < v e L).

Closure properties of LT

e LT and LT} are closed under all Boolean operations
e LT and LTy are not closed under concatenation

Slide 20 e LT; and LT are not closed under iteration

e LT and LT} are not closed under alphabetic homomorphism.

Some-b ! {w € {ab}* | |u|, > 1} € LT,

One-b ¥ {w € {ab}* | |ul, = 1} ¢ LT,

10
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Slide 21

Slide 22

First-order(successor) definable stringsets

Definition 12 (FO(+1)) A stringset is FO(+1) iff it is L(p) for

some first-order sentence in which <7 does not occur.

Abstract characterization of FO(+1)

Definition 13 A stringset L is (k,t)-Locally Threshold
Testable (L € LTTy ) iff whenever w =i v then either both w
and v are in L or neither are.

Theorem 1 (Thomas’82) A stringset is FO(+1) iff there is
some k and t such that it is LTTy ;.

FO(+1) is not closed under concatenation, iteration or alphabetic
homomporphism.

One-b € (w € {ab}* | wl, = 1} € FO(+1)

No-c-before-b % Some-b - {a, b, c}* ¢ FO(+1).

11
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Slide 24

First-order definable stringsets

Definition 14 (FO(<)) A4 stringset is FO(<) iff it is L(p) for
some first-order sentence (in which < may occur).

< is FO definable from <.

Abstract characterization of FO(<)

Definition 15 A stringset is non-counting iff there exists some
n >0 (depending only on the language) such that for all strings
u,v,w € 3*, where |v| > 1, and for alli > 1

w'w e L < uww"Pwe L.

FO(<) is closed under concatenation.

FO(<) is not closed under iteration or alphabetic homomorphism.

No-c-before-b def Some-b - {a, b, c}* € FO(<).
{(aa)’ | i € N} € FO(<).

12
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Precedence—Subsequences

Definition 16 (Subsequences)

de
v;w<:f>v201---an andw € X* -0y -X*--- X" 0y, - XF

Py(w) d:ef{v e X |vCw}

Py (w) d:ef{v € X<k | v Cw}

Slide 25
o o0 OO0 OO0
\ANAN 00,06,60,00,00
~>oose 0 00,00 ,00
~~>= ~ - 00,00,00
— o 0o0,00
-~ — o0
Pyocobooo)={c0,06,00,60,60,00}
P<y(0coé6060)={¢e0,6,0,00,06,00,60,65,50}
Definition 17 (Piecewise Propositional Satisfaction) For W
a word model and v, a k-expression over X:
. k |:
Slide 26 PisveX® andvEW,

d
Wk y &4 b is = and W EE o,

Y is 1 V 2 and either W [=x o1 or W =L o or both.

13
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Strictly Piecewise stringsets

Conjunctions of negative atomic constraints

p=—fih=fa N A=fu= N\[f]

feF
Definition 18 (SP)
o L is SPy g L(Ajeplf]) for some F C n<k
o SP=ycienlSPr]
For all 0 < ¢ € N: SP; C SP; 1.
Fin, CoFin ¢ SP

Character of the Strictly k-Piecewise Sets

Theorem 2 A stringset L is Strictly k-Piecewise Testable iff it is

closed under subsequence:

wov € L = wv €L
SP and SPy, for any k > 0, are closed under intersection but not

union or complement. SPj is not closed under concatenation,
although SP is.

14
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Piecewise Testable stringsets

Definition 19 (PT)
o A stringset is PTy iff it is L(p) for some piecewise
k-expression .

def
o PT = UycienlPTi]

Forall0 < e N: PT; - PTiJrl.

Slide 29 ) .
Fin U CoFin C PT, DEF,RDEF ¢ PT.
Abstract characterization of PT},
Lemma 3 (k-Test Invariance) A language L C ¥* is PTy, for
some k > 0 if and only if, for all strings w,v € ¥*:

(Pe(w) = P(v)) = (we Lsvel).
Sub-regular hierarchies
Lo = |JiB] F()J(: SF
B‘:Bvi\I:B‘ u:lf"“v‘gulfj{‘*ﬂw, 1) FO
B, &f [;_\,;B”,:E‘:,H'Q \B\'\Ejfy[ﬂ,‘]\ \Ew\:_‘“ = |JIB((FinU CoFin))] === B(M(GDEF)) KA

: i : L Pro
,»,‘i = B((Fin U CoFin)*) LT} PT '
Slide 30 A 4
SPL
SL + SP
Restricted
By =TI, B(X1g) ==/ = B((FinU CoFin)*) GDEF SL Sp
DEF RDEF
5 FinUCoFin (= B(FinU CoFin))
Fin CoFin
<

Dot Depth Quant Alt  Quant Rank B +1 +1,<



