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(AB)" v.s. A"B" in English
{(ding dong)"}
Slide 3  {people” left"}
{people (who were left by people)” left}

{people (who were left by people)?" left}

Stringset inference experiments

lide 4 mgn
Slide ABABAB \AABED A™B" 2|(m + n)
[w], = |w|g AABBBB

AABBBA A"B"n <3
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Formal Issues for AGL Experiments

Design
e Identifying relevant classes of patterns
e Finding minimal pairs of stringsets
Slide 5 e Finding sets of stimuli that distinguish those stringsets
Interpretation
e Identifying the class of patterns subject has generalized to

e Inferring the properties of the cognitive mechanism involved

— properties common to all mechanisms capable of identifying
that class of patterns

Assumptions

e Inferred set is not arbitrary
Slide 6
e Principle determining membership is structural

e Inference exhibits some sort of minimality
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Dual characterizations of complexity classes

Computational classes
e Characterized by abstract computational mechanisms
e Equivalence between mechanisms
e Means to determine structural properties of stringsets
Slide 7

Descriptive classes

e Characterized by the nature of information about the

properties of strings that determine membership
e Independent of mechanisms for recognition
e Support inference about properties of cognitive mechanisms

e Subsume wide range of types of patterns

Sub-regular hierarchies

e Classes of logical descriptions of string models

e Resolve finite-state into dual hierarchy of hierarchies

Slide 8

Correspondence to cognitive mechanisms

Relevant to any faculty that deals with structure of sequences
of events

Automata/Grammar-theoretic characterizations
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Adjacency—Substrings

Definition 1 (k-Factor)
v 1s a factor of w if w = uvx for some u,v € ¥*.

v is a k-factor of w if it is a factor of w and |v| = k.

{ve ¥ | Qu,r € 9w =uvz]} if |w| >k,
{w} otherwise.

Slide 9 Fy(w) def {

VR R

ABABAB

N NN S

F,(ABABAB) = {AB, BA}
F:(ABABAB) = {ABABAB}

Strictly Local Stringsets—SL

Strictly k-Local Definitions

G C Fp({x} -2 {x})
weG 8 pnwox) g
def
Slide 10 L(G) = {w|w G}
Gapyn = {xA,AB,BA, Bx}
*

VY Y YN VR
xABABABx xABBAB KX
N N NS

Membership in an SLj, stringset depends only on the individual
k-factors which occur in the string.
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Scanners

e
X la|b|a|b|a|b|a|b|a|> >|a|b|a|b|a|b|a|b] X

== i

Slide 11 g:

oo e | X] X
Xlo|lo|e | X

N
k
Recognizing an SLj, stringset requires only remembering the k most

recently encountered symbols.

Character of Strictly k-Local Sets

Theorem (Suffix Substitution Closure):
A stringset L is strictly k-local iff whenever there is a string x of
length k£ — 1 and strings w, vy, v, and z, such that

k—1

w - "z - y €L
v - x - z €L

Slide 12
then it will also be the case that

w - x - z €L
Example:

The dog - likes - the biscuit € L
Alice - likes - Bob el
The dog - likes - Bob €L
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Slide 13

Slide 14

SL Hierarchy

Definition 2 (SL)
A stringset 1s Strictly k-Local if it is definable with an SLy
definition.

A stringset is Strictly Local (in SL) if it is SLy, for some k.

Theorem 1 (SL-Hierarchy)

SLy C SL3 C -+ C SL; C SLiyy -+ C SL

Every Finite stringset is SLj for some k: Fin C SL.

There is no k for which SLj includes all Finite languages.

Cognitive interpretation of SL

e Any cognitive mechanism that can distinguish member strings
from non-members of an SLj, stringset must be sensitive, at
least, to the length k blocks of events that occur in the
presentation of the string.

e If the strings are presented as sequences of events in time, then
this corresponds to being sensitive, at each point in the string,
to the immediately prior sequence of k — 1 events.

e Any cognitive mechanism that is sensitive only to the length &
blocks of events in the presentation of a string will be able to
recognize only SLj stringsets.



CHLaSC

Probing the SL boundary
(AB)" = L({xA, AB, BA, Bx}) € SL,
Some-B %! {w € {4, BY | |w|y =1} ¢SL
A..A - u - BA...A € Some-B

k—1

A..AB - A...A - A...A € Some-B
Slide 15 k—1

A...A - A...A - A .. A ¢ Some-B

——
k—1
In Out
SL | (AB)" (AB)“errl (AB)iAA(AB)j
Am B AiJrkBjJrl AiBjAkBl
non-SL | Some-B AtBAJ Aititl

Locally k-Testable Stringsets

k-Expressions

def

f € Fy(x-¥*-x) wkEf & feFy(x w-x)
oA wEeAY <d:ef> wkE @ and w =Y
def
- —p =
Slide 16 v Wk wiEe

Locally k-Testable Languages (LT}):

L) ©w e v | w = )

Some-B = L(xBV AB) (= L(=(=-xB A —-AB)))

Membership in an LT} stringset depends only on the set of
k-Factors which occur in the string.
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LT Automata

([
N\a\b\a\b\a\b\a\b\a\> >\a\b\a\b\a\b\a\b\><
[b x|

Slide 17 %7 Boolean
5 al| Network
b bl
[ X
b X}
o4
Recognizing an LT} stringset requires only remembering which
k-factors occur in the string.
Character of Locally Testable sets
Theorem 2 (k-Test Invariance) A stringset L is Locally
Testable iff
there is some k such that, for all strings x and vy,
Slide 18

if X-x- X and X -y - X have exactly the same set of k-factors
then either both x and y are members of L or neither is.
w=kw <d:ef> F(xwx) = Fi(xox).

Some-B = | _J{[w]5 | w € {A, B}*, [w| > 1 and |w| < 6}.
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LT Hierarchy

Definition 3 (LT)
A stringset is k-Locally Testable if it is definable with an
LTy -expression.

Slide 19
A stringset is Locally Testable (in LT) if it is LTy for some k.
Theorem 3 (LT-Hierarchy)
LT, CLTs C---C LT, C LT 1 C--- C LT
Cognitive interpretation of LT
e Any cognitive mechanism that can distinguish member strings
from non-members of an LT}y, stringset must be sensitive, at
least, to the set of length k blocks of events that occur in the
presentation of the string—both those that do occur and those
that do not.
Slide 20

e If the strings are presented as sequences of events in time, then
this corresponds to being sensitive, at each point in the string,
to the length & blocks of events that occur at any prior point.

e Any cognitive mechanism that is sensitive only to the set of
length k blocks of events in the presentation of a string will be
able to recognize only LT} stringsets.
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Probing the LT boundary

Some-B=L(xBV AB) €LT,
def X
One-B = {we{A,B}"||wlg=1} ¢LT
. A*BA* € One-B A*BA*BA* ¢ One-B
Slide 21 b Ak k1 Ak Ak
Fr(xA"BA"X) = F,(xA"BA"BA" )

In Out
LT | Some-B AiBAJ Aititl

non-LT | One-B | A*BAItk+1 | AiBAI B Ak

FO(+1) (Strings)

Models: (D, <, Py)oen

AABA = <{o, 1,2,3}, {(i,i+1)| 0<i<3},{0,1,3}4, {2}5 >
First-order Quantification (over positions in the strings)

Ty w,[x—iy—jlExqy <C£f> j=1i+1
P, (z) wlw— i = Py(z) 4L iep,
Slide 22 .
pAY
P
(32)[p()] w,s b @)lp@)] 42w, sl i o)

for some 7 € D

FO(+41)-Definable Stringsets: L(¢) dlef {w|wE ¢}

One-B = L((3x)[B(z) A (Vy)[B(y) — = =~ y]])

11
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Slide 23

Slide 24

12

Character of the FO(+1) Definable Stringsets

Definition 4 (Locally Threshold Testable) A set L is Locally
Threshold Testable (LTT) iff there is some k and t such that, for
all w,v € ¥*:
if for all f € Fr(x-w-X)U F(x-v-x)
either |w|; = |v|; or both |w|; >t and |v|; > ¢,

then w € L <— v € L.

Theorem 4 (Thomas) A set of strings is First-order definable
over (D, <, P,),ex iff it is Locally Threshold Testable.

Membership in an FO(+1) definable stringset depends only on the
multiplicity of the k-factors, up to some fixed finite threshold,
which occur in the string.

Cognitive interpretation of FO(+1)

e Any cognitive mechanism that can distinguish member strings
from non-members of an FO(41) stringset must be sensitive, at
least, to the multiplicity of the length & blocks of events, for
some fixed k, that occur in the presentation of the string,
distinguishing multiplicities only up to some fixed threshold ¢.

e If the strings are presented as sequences of events in time, then
this corresponds to being able count up to some fixed threshold.

e Any cognitive mechanism that is sensitive only to the
multiplicity, up to some fixed threshold, (and, in particular, not
to the order) of the length k blocks of events in the presentation
of a string will be able to recognize only FO(+1) stringsets.
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Probing the FO(+1) boundary

One-B = L((3z)[B(z) A (Vy)[B(y) — z = y]]) € LTT

No- B-after-C' def {w e {A,B,C}" | no B follows any C} ¢ LTT

ARBA*C AF and A*C A* BA* have exactly the same number of
occurrences of every k-factor.

Slide 25
In Out
FO(+1) One-B ATBATHRHL 1 AT B AT B AR
non-FO(+1) | No-B-after-C | A'\BAICA* | A'C A7 BAk
A'BAIBAF
AICAIC AR
Precedence—Subsequences
Definition 5 (Subsequences)
vgwgv:ay-ﬁn andw € X* 01 - X% X% .0, - 2F
Py (w) d:ef{v exk|vCw}
Par(w) & v e n<0 v w)
Slide 26
AABACA
ANAANA_  AA AB, BA, AC, CA
PN N B BC

~—~~-—  AA AC) BA
- _— — AC,
-

Py(AABACA) = {AA, AB, AC, BA, BC,C A}
P-2(AABACA) = {¢, A, B,C, AA, AB, AC, BA, BC,C A}
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Strictly Piecewise Stringsets—SP

Strictly k-Piecewise Definitions

G C n<k
def
w G < P<j(w) C P<x(G)
L) iwe s jwi gy
Slide 27 Oxo-Batier.c. = {AA, AB, AC, BA, BB, BC,CA,CC}
Py
AABACA AACABA

N ANANN_NS
S~ AN S
S~ — —
—
—

Membership in an SPj stringset depends only on the individual
(< k)-subsequences which occur in the string.

Character of the Strictly k-Piecewise Sets

Theorem 5 A stringset L is Strictly k-Piecewise Testable iff, for
all w e X%,

Slide 28 Consequences:

Prefix & Suffix Closure: wv € L = w,v € L
Subsequence Closure: wov € L=wvel
Unit Strings: P(L)CL

Empty String: L+A0=c€L
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Slide 29

Slide 30

SP Hierarchy

Definition 6 (SP)
A stringset is Strictly k-Piecewise if it is definable with an SPy
definition.

A stringset is Strictly Piecewise (in SP) if it is SPy for some k.
Theorem 6 (SP-Hierarchy)

SPy C SP3 C---C SP, C SPiyy C---C SP
SP is incomparable (wrt subset) with the Local Hierarchy

SPy € FO(+1) No-B-after-C € SPy — FO(+1)
SLy ¢ SP (AB)" € SLy — SP

SP,NSLy A0 A™B™ € SP, N SLy
Fin ¢ SP {A} € Fin—SP

Cognitive interpretation of SP

e Any cognitive mechanism that can distinguish member strings
from non-members of an SPj, stringset must be sensitive, at
least, to the length k& (not necessarily consecutive) sequences of
events that occur in the presentation of the string.

e If the strings are presented as sequences of events in time, then
this corresponds to being sensitive, at each point in the string,
to up to k — 1 events distributed arbitrarily among the prior

events.

e Any cognitive mechanism that is sensitive only to the length k
sequences of events in the presentation of a string will be able
to recognize only SPy stringsets.

15
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Probing the SP boundary
No-B-after-C' € SPo
B-before-C dlef {w € ¥* | Some B occurs prior to any C} ¢ SP

AABACA € B-before-C, AACAC AABACA, AACA ¢ B-before-C

In Out

Slide 31 SP | No-B-after-C' | A'!BAJC AF A'C AT BA*
A'BA BAF
AICAICAx

A™B™ Atk pit A'BI AF B!

non-SP | B-before-C' | A'BAJC AF A'CA) BAF

AICAICA*

(AB)™ (AB)i*ti+1 | (AB)'AA(AB)J

k-Piecewise Testable Stringsets

PTj-expressions

def

p e XSk wEkEp & pLCw
Ay wEeAY <d:&> wkEpand wE 1Y
def
- wEop = wiEe

Slide 32
k-Piecewise Testable Languages (PT}):

L) ©w e v jw = o)

B-before-C' = L(-C'V BC) (= L(C — BQ))

Membership in an PT}, stringset depends only on the set of
(< k)-subsequences which occur in the string.
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Character of Piecewise Testable sets

Theorem 7 (k-Subsequence Invariance) A stringset L is
Piecewise Testable iff

there is some k such that, for all strings x and vy,

Slide 33 if x and y have exactly the same set of (< k)-subsequences
then either both x and y are members of L or neither is.
def
w=Fv &£ P (w) = P<y(v).
B-before-C = | J{[w]§ | w € {A, B}*, w = (C — BC) and |w| < 6}.
PT Hierarchy
Definition 7 (SP)
A stringset is k-Piecewise Testable if it is definable with an PTy,
. definition.
Slide 34

A stringset is Piecewise Testable (in PT) if it is PTy for some k.
Theorem 8 (PT-Hierarchy)

PTy C PT3C -+ C PT; C PTyy C--- C PT
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PT, SP and the Local Hierarchy

SP,, C PTy,
SPry1 € PTy
PTy & SP  B-before-C, One-B € PT, — SP
PTy € FO(+1) No-B-after-C € PTy — FO(+1)
SL, ¢ PT (AB)" € SLy — PT
PToNSLy #0 A™B™ € PT>NSLy
Fin C SP :
2 =Le), 0=L(=e), {e}=L(A [0,

oED

{wy=Lwn N [0

pEE‘“’H'l

fwi,owy =20\ A N el

1<i<n peElw’iHl

Slide 35

Cognitive interpretation of PT

e Any cognitive mechanism that can distinguish member strings
from non-members of an PT}, stringset must be sensitive, at
least, to the set of length k subsequences of events that occur
in the presentation of the string—both those that do occur and
those that do not.

Slide 36 e If the strings are presented as sequences of events in time, then

this corresponds to being sensitive, at each point in the string,
to the set of all length & subsequences of the sequence of prior

events.

e Any cognitive mechanism that is sensitive only to the set of
length £ subsequences of events in the presentation of a string
will be able to recognize only PTj stringsets.
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Probing the PT boundary
B-before-C, One-B € PT,
(AB)" ¢ PT

(AB)* € (AB)" (AB)*A ¢ (AB)"
P((AB)*A) = P,((AB)")
Slide 37

In Out

PT | B-before-C | A'BAICA* A'C AT BAF
A'C AT C A*
One-B A'BATHEFI A'BAJBAF
non-PT | (AB)" | (AB)*i+1 | (AB)iAA(AB)

First-Order(<) definable stringsets
(D, <", Py)oes
First-order Quantification over positions in the strings
z<ty  wr—iy—jlEraty <d:d> 1< ]
Slide 38 P, () w i) Py(z) L icp,

eAY

'
(32)[p(x)] w,s = (B0)p)] 4L w, sl i) = ()]

for some i € D

19
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Slide 39

Slide 40
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PT, FO(+1) and FO(<)
Theorem 9 PT C FO(<).

ororon Cwe Qo oxn)| N\ <t zla N [P (@)

1<i<j<n 1<i<n
Theorem 10 FO(+1) C FO(<).
+1 is FO definable from <:
ray=x<at yA-F2) |z <t 2 Az <y

No-B-after-C' C FO(<) — FO(+1)
(AB)" C FO(<) — PT

Star-Free stringsets

Definition 8 (Star-Free Set) The class of Star-Free Sets (SF)
1s the smallest class of languages satisfying:

e Fin C SF.

o If L1, Lo € SF then: Ly - Lo € SF,
Ly UL, € SF,
L, € SF.

Theorem 11 (McNauthton and Papert) A set of strings is
First-order definable over (D, <V, Py)gex iff it is Star-Free.
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Slide 41

Slide 42
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PT and LT with Order

perp w|:gpow<d:ef>w:w1-w2, wy = ¢ and wy = 1.
LTOk is LTk plus (p.d)

No-B-after-C' = L((—C) e (-B)) € LTO

PTOy is PTy plus p e o)

Let:
Yp=i = Al A /\ [—\pL s =€
p62i+1
Then:
(AB)" = L(~(¢p=1 ® ps=) A (s ® pa=1)A

ﬁ((pz* ®py=20 SOE*) A —\((pz* ®pp=2 0 (pz*)) c PTO

PTO, LTO and SF

Theorem 12
PTO=SF=LTO

SF C PTO, SF C LTO

Fin C PTO, Fin C LTO and both are closed under concatenation,

union and complement.

LTO C PTO C SF

Concatenation is FO(<) definable.
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Character of FO(<) definable sets

Theorem 13 (McNaughton and Papert) A stringset L is
definable by a set of First-Order formulae over strings iff it is
recognized by a finite-state automaton that is non-counting (that

has an aperiodic syntactic monoid), that is, iff:
there exists some n > 0 such that
Slide 43 for all strings u,v,w over %
if wv™w occurs in L
then o™ tw, for all i > 1, occurs in L as well.
E.g.

people who were left (by people who were left)” left < L

people who were left (by people who were left)" ™' left ¢ L

Cognitive interpretation of FO(<)

e Any cognitive mechanism that can distinguish member strings
from non-members of an FO(<) stringset must be sensitive, at
least, to the sets of length k blocks of events, for some fixed k,
that occur in the presentation of the string when it is factored
into segments, up to some fixed number, on the basis of those

sets with distinct criteria applying to each segment.

Slide 44 e If the strings are presented as sequences of events in time, then

this corresponds to being able to count up to some fixed
threshold with the counters being reset some fixed number of
times based on those counts.

e Any cognitive mechanism that is sensitive only to the sets of
length £ blocks of events in the presentation of a string once it
has been factored in this way will be able to recognize only
FO(<) stringsets.
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Probing the FO(<) boundary

BB-before-C € FO(<)

Even-B % {w € {4, B} | ul, = 2i, 0 < i} ¢ FO(<)

Slide 45 | —_—
A'B"B"™ € Even-B  but A'‘B"*'B"™ ¢ Even-B
In Out
FO(<) | BB-before-C | A'BBAItFCA! | A*CAI+FBBA!
A'BAIBAFCA!
non-FO(<) Even-B B B2+l
MSO definable stringsets
<D7 <, <]+7 PG')O’EE
Slide 46 First-order Quantification (positions)

Monadic Second-order Quantification (sets of positions)

<t is MSO-definable from <.
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Slide 48
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MSO example

(3Xo, X1)[ (Vo) [(Fy)ly < 2] v Xo(x)] A

(
(V, y)[~(Xo () A Xy (2))] A

(Va, y)[z <y — (Xo(x) < Xa(y)] A
(Vo) [(Fy) [z <yl v Xu(2)] ]

a b b a b a

Xo Xo Xo
X1 X1 X1

Theorem 14 (Chomsky Schiitzenberger) A set of strings is
Regular iff it is a homomorphic image of a Strictly 2-Local set.

Definition 9 (Nerode Equivalence) Two strings w and v are
Nerode Equivalent with respect to a stringset L over ¥ (denoted
w =y, v) iff for all strings u over ¥, wu € L < vu € L.

Theorem 15 (Myhill-Nerode) A stringset L is recognizable by a
FSA (over strings) iff =1, partitions the set of all strings over ¥
into finitely many equivalence classes.

Theorem 16 (Medvedev, Biichi, Elgot) A set of strings is
MSO-definable over (D,<, <, P,)yex iff it is reqular.

Theorem 17 MSO = 3IMSO owver strings.
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Local and Piecewise Hierarchies

Reg MSO
SF
1 Fo
Slide 49 LTT
LT PT  Prop
SL SP
+1 <

Cognitive interpretation of Finite-state

e Any cognitive mechanism that can distinguish member strings
from non-members of a finite-state stringset must be capable of
classifying the events in the input into a finite set of abstract
categories and are sensitive to the sequence of those categories.

Slide 50 e Subsumes any recognition mechanism in which the amount of
information inferred or retained is limited by a fixed finite
bound.

e Any cognitive mechanism that has a fixed finite bound on the
amount of information inferred or retained in processing
sequences of events will be able to recognize only finite-state
stringsets.
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Probing the F'S boundary

Even-B % {w € {4, B} | |u|, = 2i, 0 < i} € FS
[A"B" |n > 0} ¢ FS

w=anpnv & w,vg€{ABI|i,j>0}or

Slide 51
rae lwly = [wlp =1lv[, = [v]p-
In Out
FS | Even-B | B?* B2+l
non-FS | A"B™ | A"B™ | An~lBntl
Non-FS classes
Additional structure — not finitely bounded
A" B™
D, = |w|, = |w|g, properly nested
Slide 52

Dy =|w|, = |w|g and |w|, = |w|,, properly nested.

Subregular Hierarchy over Trees

CFG=S5Ly, < LT < FO(+1) < FO(<) < MSO =FSTA
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FLT support for AGL experiments

Model-theoretic characterizations

— very general methods for describing patterns

— provide clues to nature of cognitive mechanisms

— independent of a priori assumptions

Grammar- and Automata-theoretic characterizations
Slide 53 — provide information about nature of stringsets

— minimal pairs
Sub-regular hierarchies

e broad range of capabilities weaker than human capabilities
e characterizations in terms of plausible cognitive attributes

e relevant as long as generalizations are based on structure of
strings
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